1. Introduction, In this paper we prove several theorems about rings having a generous supply of projective injective modules. This is a curious class of rings. For instance, every module over a semisimple ring with minimum condition is both projective and injective, while over the integers only the zero module has this property. On the other hand, for some non-semisimple rings, Quasi Frobenius rings [5] , every projective module is injective. For others no non-trivial projective module is injective (for example, a primary algebra over a field with radical square zero and having vector space dimension greater than two).
We begin our study in § 2 by considering primitive rings. We give (Theorem 2.1) a necessary and sufficient condition for a primitive ring to have a faithful projective injective irreducible module. By means of this condition we prove a structure theorem (Corollary 2.3) for rings having both a left and a right injective projective irreducible module with the same anihilator.
In § 3 we generalize both halves of a theorem originally proved by Thrall for finite dimensional algebras [10, Theorem 5] . This theorem states that a necessary and sufficient condition for the minimal injective [3] of the ring to be projective is that the ring have a faithful injective module which is a direct summand of every faithful module. We prove this theorem in one direction for semi-primary rings and, in the other direction, for rings with the ascending chain condition. It should be noted that we have rephrased the theorem to eliminate the duality given by the field. We find that this can be replaced by the dual concepts, projective and injective.
Throughout the paper we shall only consider rings with identity 1 and modules over such rings on which 1 acts like identity. "Minimum condition " means minimum condition on left ideas [1] ,
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2. Projective injective irreducibles. We shall begin by considering primitive rings. Recall that a (right) primitive ring R has a faithful irreducible right module M [7, p. 4] . The module M is always the homomorphic image of R, and if M is projective then M is induced by a minimal right ideal of R. That is, R is a primitive ring with minimal right ideals. Conversely, if J? is a primitive ring with minimal right ideals then the faithful irreducible module is induced by an idempotent generated (= direct summand) right ideal of R. Thus, the faithful irreducible is projective.
In the following we shall study primitive rings with minimal right ideals and we shall establish a necessary and sufficient condition for the faithful irreducible module of such a ring R to be injective. We are greatly aided in this study by the rich structure theory for these rings; see for example Jacobson's book [7, Chapter IV] .
Using the notation and the structure theorem from [7, p. 75 N) where M, N are dual spaces over a division ring D and M (N) is a right (left) irreducible faithful projective i?-module. S is the socle of R. THEOREM 
The module M is R injective if and only if M
For the converse, assume that M is R injective. In this case, it is enough to show that for every maximal right ideal J of S there is a nonzero element a of S such that aJ -0. Then the left ideal Sa contains an idempotent e Φ 0 such that e J = 0 and J is a modular [7] (called regular in [9] ) right ideal. But Rosenberg has shown [9, p. 131] that if every maximal right ideal of S is modular then M -N* -Hom^JV, D).
Identify M with a minimal right ideal of S. Since J is maximal in S we can consider the R exact sequence of modules
Since M is R injective by [2, Th 3.1, p. 8] the homomorphism θ has the form θ(s) -as for some a Φ 0 in the right ideal M of S. But since Ker θ = J", aJ = 0. Theorem 2.1 then follows from the remarks above.
One should note that the corresponding theorem with right and left interchanged is proved analogously, hence we have the following COROLLARY 
If R is a primitive ring then R is a simple ring with minimum condition if and only if R has both a left and a right faithful irreducible projective injective module.
Proof. If R is a simple ring with minimum condition then it has faithful irreducible left and right modules [7, p. 39] and every module over such a ring is both protective and injective [2, p. 11] .
To show the converse, we appeal to the theorem. Using the notation of the theorem, M -iV* and M"* = N. But we know [7, p. 68] , that this can only happen when both have finite dimension over D. In this case R is isomorphic to all transformations on M and is a simple ring with minimum condition [7, p. 39] .
The theorem and its corollary also have applications to any ring having left and right projective injective irreducibles. It is clear that if a ring R can be written as a ring direct sum S + K where S is a simple ring with minimum condition, then R has both a left and a right projective injective irreducible module, each having anihilator K. It is interesting to note that the converse is also true. Proof. Under the above assumptions R\K is both a left and a right primitive ring and the faithful irreducible left and right modules considered as RjK modules are still projective and injective. Thus, by Corollary 2.2, RjK is a simple ring with minimum condition and both as an R module and as an R/K module is the direct sum of a finite number of copies of the left irreducible projective injective module. Thus the sequence of left R modules 0 -> K -> R -> RjK -• 0 splits and R = S0 K, left R direct. The proof will be established if we can show that S is really an ideal of R.
Certainly, KS -(0) because S is the direct sum of modules anihilated by K. Let k belong to K and consider the left ideal Sk contained in K. It is clear that (Skf -SkSk = (0) because k anihilates S on the left. Suppose that Sk is not zero. In this case, Sk is the homomorphic image of the completely reducible module S and is the direct sum of a finite number of injective irreducible modules. But that makes Sk injective and a direct summand of R. However, this contradicts the fact that Sk is square zero, since direct summands of R are idempotent generated. Thus we have established that Sk = (0) and that the decomposition given above is a ring direct sum.
REMARK. There is a one-sided version of Corollary 2.3, in which one assumes only the existence of a projective injective irreducible left module plus the ascending chain condition on left ideals in R modulo its Jacobson radical. The conclusion is the same. However, the conclusion is two sided, so the existence of a projective injective left irreducible and the above mentioned chain condition (or semi-primary, etc.) implies the existence of a projective injective right irreducible.
Minimal faithfuls and minimal injectives
Following ThralΓs paper [10], we shall say that the ring R has a minimal faithful left module M if M is a faithful injective module and if M appears as a direct summand of every faithful module. It is clear that M must be protective, for the ring itself is a faithful protective module. M will always be isomorphic to some left ideal direct summand of R.
If T is any R module, the minimal injective Q{T) of T is the unique "smallest" injective module containing T as a submodule, [3] . Using these two concepts, we can prove a generalization of one half of a theorem of Thrall [10, Theorem 5] . Thrall proved it for finite dimensional algebras over a field. THEOREM 
If R is right Noetherian and if R has a minimal faithful left module M then Q(R), the left minimal injective of R, is projective.
Proof. As noted above M must be isomorphic to a projective injective left ideal which we also denote by M.InR consider the collection of right ideals generated by finite sets of elements of M. Since we have assumed R to be right Noetherian, there is in this collection a maximal right ideal H generate by x 19 » 9 x n belonging to M. Since H is maximal with respect to this property, we know that M c H. For if not, H could be enlarged by adjoining another generator from ikf.
If x is in R and xx i -0 for i = 1, •••, n, then xH = (0) and consequently xM = (0). But M is faithful, so x = 0. Now let Q be the direct sum of n copies of M and for x in R define θ: R-+Q by letting the ith component of θ(x) be xx t . This is a left module homomorphism of R into Q and, by the remark above, is a monomorphism. Q is projective and injective since it is the direct sum of a finite number of projective injective modules. The minimal injective of R is a direct summand of Q and is therefore projective.
We should note that if R is both left and right Noetherian and has a minimal faithful left module then the minimal injective of any projective module is projective. This follows from the fact that every free module can be embedded in a projective injective module, a direct sum of copies of M. We need the assumption that R is left Noetherian to insure that the direct sum of left injectives is injective. Compare this to the definition of Quasi Frobenius ring [5] : '' Every projective is injective ".
To prove the other half of ThralΓs theorem we consider the class of semi-primary rings. The ring R is said to be semi-primary if it has a nilpotent Jacobson radical N and R/N has minimum condition on left ideals. An important property of semi-primary rings is the fact that every module over such a ring has minimal sub modules. For, if M is a module over the semi-primary ring R with radical N then in the sequence M z> NM z> ID N r M = (0) of submodules of M there is a point where N k M Φ (0) but JNP^Λf = (0). JVW, a module over R/N, is the direct sum of irreducibles each of which is minimal. Note also that R has only a finite number of nonisomorphic irreducible modules. THEOREM 
If R is a semi-primary ring and if the left minimal injective Q(R) of R is projective then R has a minimal faithful module.
Proof. By the remark above, we know that R itself has minimal left ideals. Let M lf * ,M n be one each of the non-isomorphic minimal left ideals of R. From [8] , we know that the minimal injective Q(M t ) of M % is indecomposable. In addition each Q(M^) is projective since it appears as a direct summand of Q(R). But the projective indecomposable modules over a semi-primary ring actually appear as left ideal direct summands of the ring [4, p. 331] . Thus each Q(Mi) is isomorphic to a projective injective indecomposable left ideal L t of R. Note that for ί Φ j, Li is not isomorphic to L ; since each has a unique minimal submodule [8] and these are not isomorphic.
Let M be the direct sum of the modules L u we wish to show that M is the minimal faithful module for R. From its definition it is projective and injective. If M a is a minimal ideal of R, M α is isomorphic to a minimal submodule of M. Since M is injective that isomorphism has the form x -> xm for some m in M [2, p. 8] . Hence M a does not anihilate M. If no minimal left ideal of R anihilates M, then no nonzero left ideal anihilates M and M is faithful. Now let T be an R module such that M{ΐ Φ 0. Then there exists t in T such that M t t Φ 0. Consider the homomorphism X (x) = xt of L t into T. This homomorphism restricted to M, t is not zero and since M % is the unique minimal submodule of L t , Σ is actually a monomorphism of L t into T. L t is injective so 7 = 1,0^.
From the preceding argument we conclude that for i Φ j M i L j = 0 since L t and L } are indecomposable and not isomorphic. Now let F be a faithful R module. Since MJF Φ 0, the argument above shows that F = IΊ Θ FI where M t F τ Φ 0 for i > 1. Continuing inductively, F^λ = Li 0 F t where M j F i Φ 0 for all j > i. Thus we see F = ikίφ F n and M appears as a direct summand of every faithful R module. This completes the proof of Theorem 3.2.
REMARK. Since a ring with minimum condition is both semi-primary and Noetherian, both halves of ThralΓs theorem hold for these rings,
